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Abstract
Present-day extragalactic observations are mostly rather well-
modelled by a general-relativistic model, the ΛCDM model. The
model appears to surpass the limits of known physics by requiring
that the Universe be dominated by “dark energy”. However, the
model sacrifices physical simplicity in favour of applied mathematical
simplicity. A physically simpler, general-relativistic alternative to the
ΛCDM model is described here, along with preliminary observational
checks. Thus, it will be argued that extragalactic observations such
as the distance-modulus–redshift relation of type Ia supernovae are
well-modelled within classical general relativity, without the addition
of “new physics”.
Within the family of locally homogeneous and isotropic solutions of
the Einstein equation, i.e. the Friedmann–Lemaˆıtre–Robertson–Walker
(FLRW) model (de Sitter, 1917; Friedmann, 1923, 1924; Lemaˆıtre, 1927;
Robertson, 1935), observations since the early 1990’s—faint galaxy counts
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and correlation functions (e.g. Fukugita et al., 1990; Roukema & Yoshii,
1993; Yoshii & Peterson, 1995), gravitational lensing (e.g. Chiba & Yoshii,
1997; Fort et al., 1997), supernovae type Ia magnitude–redshift relations
(e.g. Perlmutter et al., 1999; Schmidt et al., 1998), and the cosmic mi-
crowave background (CMB) from the Wilkinson Microwave Anisotropy
Probe (WMAP) (Spergel et al., 2003) and Planck Surveyor (Ade et al.,
2013)—have required the addition of a parameter that does not correspond
to any empirically detected physical phenomenon: the cosmological constant
or dark energy parameter Λ (Ostriker & Steinhardt, 1995). This “discovery”
has stimulated much theoretical interest, including hypotheses of new phys-
ical components of the Universe and theories of gravity that extend beyond
classical general relativity.
However, the FLRW solutions (of which the ΛCDM model is a special
case) do not take into account the fact that we live during the virialisa-
tion epoch, i.e. the epoch during which dense structures—galaxies, galaxy
clusters, and the cosmic web (e.g. de Lapparent et al., 1986) in general—
and underdense regions—voids on scales of many h−1 Mpc—have recently
formed. Thus, at small scales and recent epochs, it should be expected that
interpretations of observational data inferred by assuming the FLRW family
of models may fail. Wrong assumptions tend to imply wrong conclusions.
Defining the fraction (by mass) of non-relativistic matter (baryonic and
dark) contained in virialised objects of typical galaxy scales and above fvir(z)
at any given redshift, it was shown in Fig. 1 of Roukema et al. (2013) that
the evolution of the dark energy parameter ΩΛ(z) follows that of fvir(z) to
within a factor of a few. Thus, as the Universe evolves from high redshift
(early epochs) to low redshift (recent epochs), the virialisation fraction grows
from very little to a high fraction of unity, and the dark energy parameter
inferred from observations by assuming homogeneity despite its increasing
invalidity grows similarly from very little to nearly unity. In other words,
the more that the Universe becomes inhomogeneous, the more that the as-
sumption of homogeneity leads to the sudden emergence of dark energy. This
quantitative similarity, ΩΛ(z) ∼ fvir(z), reverses the onus of proof for dark
energy: unless or until relativistically acceptable cosmological models in-
cluding structure formation show that dark energy is needed in order to fit
observational data, the simplest explanation for dark energy is that it is an
artefact of inhomogeneity.
Exact relativistic inhomogeneous cosmological solutions of the Einstein
equation have been known since the 1930’s (Lemaˆıtre, 1933; Tolman, 1934;
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Massive Empty
Domain
Figure 1: Examples of Massive (virialised), Empty (un-virialised), and
full averaged Domains in a 60h−1 Mpc×60h−1 Mpc region showing galaxies
observed in the two-degree–field galaxy redshift survey (Colless et al., 2003,
2dFGRS, http://www2.aao.gov.au/2dfgrs/) with the observer at the left.
The slice is about 10 great circle degrees in thickness.
Bondi, 1947) and reviewed during the last few decades (Krasinski, 1997;
Krasin´ski, 2006). While not directly applicable as cosmological models with-
out sacrificing the Copernican principle, these solutions provide qualitative
understanding of more realistic alternatives to the FLRW model, and can
be used to model the “holes” in “Swiss cheese” cosmological models (e.g.
Lavinto et al., 2013, and refs therein).
A relativistic approach to inhomogeneous cosmology that allows the in-
clusion of standard statistical representations of structure in the Universe is
the scalar averaging approach to cosmology (Buchert et al., 2000; Buchert,
2008; Buchert & Carfora, 2008; Buchert & Ostermann, 2012; Buchert et al.,
2013; Kolb et al., 2005b,a; Ra¨sa¨nen, 2006a,b; Kolb, 2011; Wiltshire, 2007a,b,
2009; Duley et al., 2013). As in the FLRW approach, a spacetime foliation is
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chosen, but instead of assuming homogeneity on the slices, volume-weighted
means (using the metric to measure volume) are calculated within spatial
domains of interest.
Here we briefly describe the virialisation approximation presented in
full in Roukema et al. (2013). This implementation of multi-scale scalar
averaging uses the definitions, derivations and terminology introduced in
Buchert & Carfora (2008) and Wiegand & Buchert (2010). Figure 1 illus-
trates the terminology, with complementaryMassive (virialised) and Empty
(un-virialised) domains, and the full averaged Domains, labelled generically
as F . Let us define the virialisation volume fraction
λM :=
|M|
|D|
, (1)
which is related to fvir(z) by
λM=fvir/∆vir, (2)
where ∆vir ∼ 100 to 200 is the overdensity ratio after collapse, e.g. estimated
for a top-hat initial overdensity using the scalar virial theorem for an isolated
system (e.g. Lacey & Cole, 1993). The homogeneous Friedmann equation
Ωm + ΩΛ + Ωk = 1 (3)
can then be generalised to
ΩFm + Ω
F
Λ + Ω
F
R + Ω
F
Q =
H2F
H2D
, (4)
where the F superscript (or subscript) indicates which domain is being used
for averaging, the scalar-averaged expansion rate HF is defined
HF :=
a˙F
aF
, (5)
the rigid curvature parameter Ωk has been replaced by a spatially vary-
ing (domain-averaged) 3-Ricci curvature parameter ΩFR, and the kinematical
backreaction parameter ΩFQ arises, representing statistics (variance, shear,
and vorticity) of the extrinsic curvature tensor (in Newtonian thinking, the
velocity gradient). See Roukema et al. (2013) for detailed definitions.
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Considering the virialised and un-virialised regions together, i.e. F = D,
the right-hand side of Eq. (4) simplifies to unity. In addition, approxi-
mating |ΩFQ| ≪ |Ω
F
R|, as found with the relativistic Zel’dovich approxima-
tion (Buchert & Ostermann, 2012; Buchert et al., 2013), the resemblance of
Eq. (4) to the rigid comoving space version, Eq. (3), is obvious. The param-
eter required by the FLRW model for fitting observations is now removed,
i.e. we set ΩFΛ = 0. For future observations, it might eventually be necessary
to allow a dark energy parameter again, though the history of relativistic
cosmology suggests that Λ is a parameter that falls in or out of cosmological
fashion every few decades. Thus, Eq. (4) becomes
ΩFm + Ω
F
R =
H2F
H2D
, (6)
or
ΩDm + Ω
D
R = 1 (7)
for the full domain.
To evaluate these equations, we assume the stable clustering hypothesis
Peebles (1980), i.e.
HM ≈ 0, (8)
virialised regions (M) are stable, we assume an Einstein–de Sitter (EdS)
model at early epochs (high redshift), and we extrapolate this as a “back-
ground” model (with parameters labelled “bg”) to recent epochs (low red-
shift). Simplifying this set of equations leads to Eq. (2.22) of Roukema et al.
(2013), i.e.
Ωeffm (z) := Ω
D
m ≈
Ωbgm
(Heff/Hbg)2
, (9)
where the label D has been replaced by “eff” for convenience.
Since virialised regions are assumed to be stable [Eq. (8)], and since voids
have to expand faster than the extrapolated background model in order to be
able to become (nearly) empty, it is already clear that at low redshifts, Heff
will increase to become greater than Hbg. In Eq. (2.23) of Roukema et al.
(2013), we model this with a smooth transition from the pre-virialisation
epoch to the present epoch, we require that the effective expansion rate
at the present epoch matches the observed Hubble constant [Eq. (2.32),
Roukema et al. (2013)], and we estimate the peculiar expansion rate of voids
using void and cluster surveys of approximately similar sizes [Eq. (2.36),
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Roukema et al. (2013)]. An effective metric can then be defined, allowing cal-
culation of effective luminosity distances [Sect. 2.4, Roukema et al. (2013)].
Thus, making minimal assumptions beyond the homogeneous model apart
from allowing inhomogeneous structure on spatial slices and corresponding
curvature, and defining averages on spatial domains rather than forcing uni-
formity, the early-time Einstein–de Sitter model evolves to a model with a low
matter density at the present, Ωeffm (0) ≈ 0.3 (Fig. 2, Roukema et al., 2013).
Moreover, the distance-modulus–redshift relation in the EdS+virialisation
approximation is similar to that provided by the ΛCDM model (Fig. 5,
Roukema et al., 2013). In other words, extragalactic observations such as
the distance-modulus–redshift relation of type Ia supernovae do not (yet)
require any extension to the present limits of physics.
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